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I develop an elementary physical picture of dark energy and pressure based on most fundamental
principles of quantum mechanics (QM) and general relativity (GR) theories. That derives from
a previous conjecture of non-zero masses for nearly standard-model photons or gluons, based on
quantum-mechanical localization at a cosmological scale. Dark energy is intrinsically tied to de
Sitter space, and that has in turn a fundamentally invariant event horizon. These matters are
essential to my conjecture and model of dark energy and pressure. Generally assuming a de Sitter
universe with a Euclidean spatial geometry, I solve Schro¨dinger equation for an elementary non-
relativistic attractive spherical-well potential rising at the de Sitter horizon. The minimal critical
potential depth that binds just one particle state at the top of that cosmologically constant Euclidean
well fixes the rest-energy mass, mgc
2, of the photon and provides a definitive estimate of the dark
energy-pressure relation. Alternatively, I consider gravitational collapse for a uniform dark energy
density, approaching Schwarzschild condition. The Newtonian gravitational force for a test particle
of mass mg at the horizon essentially coincides with the elementary non-relativistic QM formulation
of mg binding. I further investigate statistical properties of equilibrium between the g-BEC phase
and the ordinary ‘vapor’ phase of mg photons. I find that corresponding corrections to the Planck
spectrum of the cosmic microwave background are invariably negligible.
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I. INTRODUCTION
In a previous paper I conjectured non-zero bare masses
for photons or gluons, derived from quantum-mechanical
localization at a cosmological scale.1 My basic assump-
tion is that
λg =
h
mgc
= C−1g
√
1
Λ
≃ 1010ly/Cg. (1)
In Eq. (1), Λ is Einstein’s cosmological constant, while λg
is the Compton wavelength of originally massless gauge
bosons in the standard model (SM) of elementary parti-
cles. Those become endowed with a minimal but finite
mass
mgc
2 =
hc
λg
= Cghc
√
Λ ≃ Cg(1.4x10−41)mpc2, (2)
with a value given in units of the proton rest-energy mass,
mpc
2 ≃ 938MeV.
Beyond my original conjecture, I introduce in Eq. (1)
a numerical coefficient, Cg, which I estimate for photons
in this paper. My purpose is to formulate an elemen-
tary physical picture of dark energy and pressure that is
reasonably consistent with most fundamental principles
of quantum mechanics (QM) and general relativity (GR)
theories at low energies.
II. EINSTEIN FIELD EQUATIONS AND FLRW
GEOMETRY
My conjecture is framed in the context of the cosmolog-
ical principle and observation that our universe is homo-
geneous and isotropic on a very large scale, which lead to
a relatively simple Robertson-Walker (RW) metric. That
is derived, for example, on p. 343 of Ref. 2 as
ds2 =gµνdx
µdxν
=− (cdt)2 +R2(t)
[
(dr)2
1− κr2+
r2
(
(dθ)2 + sin2 θ(dφ)2
)]
. (3)
Flat, closed, open universes correspond to ‘spatial curva-
tures’ κ = 0,+1,−1, respectively.3
Einstein’s field equations may be expressed as
Gµν = −Λgµν + 8πG
c4
T µν . (4)
One may assume that the stress-energy tensor orig-
inates from a ‘perfect fluid’ with pressure and energy
density for matter and radiation given by
T µν = pgµν + (ρ+ p)UµUν/c2. (5)
One may further suppose that the cosmological term
also originates from a peculiar perfect fluid defined as
having
2T µνΛ ≡
c4
8πG
(−Λgµν) ≡ pΛgµν +(ρΛ+ pΛ)UµUν/c2. (6)
This assumption requires that
ρΛ = −pΛ = c
4Λ
8πG
≃ 3.6mpc2/m3 ≃ 5.3x10−15atm. (7)
Such equation of state between a negative pressure or
‘tension’ and energy density must hold ‘exactly’ to ac-
count for ‘dark energy,’ of which Eq. (7) includes a cur-
rent estimate.2,3
Mathematically, the RW metric derives from applica-
tion of Weyl’s postulate and the cosmological principle to
a maximally symmetric space.3–6 That applies to theo-
ries even outside GR. Within GR, application of Einstein
field equations to the RW metric leads to two Friedmann-
Lemaˆıtre (FL) equations that determine the dynamical
evolution of the universe ‘scale factor,’ R(t), as a func-
tion of ‘cosmic time’ t: see, for instance, p. 355 of Ref.
2 or p. 379 of Ref. 3. I refer to that metric evolution as
FLRW geometry or geometrodynamics.
After a ‘big bang,’ energy densities of radiation and
matter dominated a decelerating expansion of R(t) in
the early universe. Dark energy did not affect that until
much later, when it turned that expansion into acceler-
ation around 7x109 years. Indeed, energy densities of
radiation and matter decrease as R−4 and R−3, respec-
tively, whereas the dark energy density remains constant
and independent of R.
In terms of ‘cosmic time’ t, the universe scale factor
becomes asymptotically
R(t) = R˜exp(ct
√
Λ/3) (8)
on account of overwhelming dark energy. That expan-
sion also creates an ‘event horizon’ (EH) that ultimately
reduces to a constant
aΛ =
√
3/Λ (9)
for all future times.3–5 The Hubble parameter,
(dR/dt)/R, also approaches asymptotically a constant
HΛ = c/aΛ. In emptied space-time, with T
µν = 0, these
results are exact for κ = 0, while they become asymptot-
ically correct for t >> aΛ/c if κ = ±1.
Following the R(t) expansion, dark energy currently
accounts for about ΩΛ,0 ≃ 0.7 as a ‘density parameter,’
and it is bound to exponentially overwhelm all other Ω’s
in the future, including Ωκ(t) density parameters.
2,3 In
that perspective, we may ignore the possibility of positive
or negative spatial curvature (κ = ±1) in FLRW geom-
etry and regard as exact the future asymptotic behavior
of R(t), as set in Eq. (8). That simplifies to Euclidean
(κ = 0) the spatial geometry of the RW metric in Eq. (3)
at any constant t-slicing.
III. DE SITTER SPACE
In n = 4 space-time dimensions, de Sitter space, dS4, is
the maximally symmetric Lorentzian manifold with con-
stant positive curvature that can be embedded in a 5-
dimensional Minkowski space-time, M(1, 4). It is a so-
lution of Einstein’s Eq. (4) with T µν = 0. Thus, dS4
is a 4-dimensional ‘Einstein manifold,’ with Ricci tensor
Rµν = Λgµν and a positive constant Ricci scalar curva-
ture, gµνR
µν = 4Λ > 0, throughout the manifold.4,5,7–9
That corresponds to a subset of FLRW geometry.
Introducing particular definitions of a time-like coordi-
nate, x0, and a space-like coordinate, x4, in the M(1, 4)
ambient space, metrics and coordinates of dS4 can be re-
lated to those of FLRW geometry. As shown by Lemaˆıtre
in 1925, flat slicing of dS4 corresponds to setting κ = 0
in Eq. (3), with Eq. (8) satisfied exactly for any arbitrary
constant, R˜. Closed or open slicing of dS4 correspond to
setting in Eq. (3) κ = +1 and R(t) = aΛcosh(ct/aΛ), or
κ = −1 and R(t) = aΛsinh(ct/aΛ), respectively.
Other choices of dS4 slicing and coordinates are possi-
ble. Most notably, static coordinates that de Sitter orig-
inally introduced in 1917 yield the metric
ds2 =gµ′ν′dx
µ′dxν
′
=−
(
1− r
′2
a2Λ
)
(cdt′)2 +
(
1− r
′2
a2Λ
)
−1
(dr′)2
+ r′2
(
(dθ)2 + sin2 θ(dφ)2
)
. (10)
De Sitter was influenced by Einstein’s cosmological idea
of a static closed universe. In fact, de Sitter’s metric
in Eq. (10) has closed spatial sections, corresponding to
κ = +1 in FLRW geometry.7–9
De Sitter’s metric is ‘static’ in the sense that its gµ′ν′
metric tensor components are time-independent and the
line element is invariant under time-reversal.2 It looks
similar to Schwarzschild metric, in the sense that we can
cast both metrics in the form
ds2 =−
(
1 +
2
c2
V (r′)
)
(cdt′)2 +
(
1 +
2
c2
V (r′)
)
−1
(dr′)2
+ r′2
(
(dθ)2 + sin2 θ(dφ)2
)
. (11)
For Schwarzschild metric, VS(r
′) = −GM/r′ corresponds
to the familiar Newtonian attractive gravitational poten-
tial. For de Sitter metric, VdS(r
′) = −(c2/2)(r′2/a2Λ) cor-
responds to a quadratic repulsive potential with a con-
stant anti-gravitational acceleration, consistent with our
understanding of dark energy.
That also provides an alternative interpretation of the
gravitational red-shift in dS4. Rather than viewing it
as a result of the R(t) expansion, VdS(r
′) generates ‘an
inverse gravitational red-shift,’ wherein incoming light
3must climb a potential hill in order to reach the observer.8
That feature was soon realized and related to Slipher’s
1912 discovery of galactic red-shifts.7
For both Schwarzschild and de Sitter metrics, ‘time
slicing’ generates an ‘atemporal space.’ Notice, however,
that the usual interpretation of time-like and space-like
coordinates holds in the interior of the aΛ horizon in
Eq. (10), but in the exterior of the Schwarzschild radius,
R′S = 2MG/c
2. Furthermore, neither metric is funda-
mentally static, as more deeply understood in terms of
other coordinates.10–14
Laboriously,8,9 one can find the transformation be-
tween dS4 static coordinates and those corresponding to
the FLRW geometry with κ = +1. In my formalism,
that transformation is
r′ = R(t)r = aΛcosh(ct/aΛ)r, (12)
and
tanh(ct′/aΛ) = (1 − r2)−1/2tanh(ct/aΛ). (13)
In this context, I have not reported explicit expres-
sions of event horizons. Suffice it to say that for dS4 the
EH is an invariant constant, aΛ, for any choice of coordi-
nates and any time-slicing.3–5,7–9 In FLRW coordinates,
that can be expressed as aΛ = R(t)r
(EH)
t , where t is any
current ‘cosmic time.’ Thus, Eq. (12) applies to the cur-
vature coordinate, r, of FLRW geometry with κ = +1 as
long as r < r
(EH)
t = 1/cosh(ct/aΛ) and r
′ < aΛ remain
consistently within the EH.
The fact that dark energy is inherently tied to dS4
and that dS4 inherently has such a robust event horizon
provide a strong motivation for my conjecture and model
of dark energy and pressure.
Exploiting twice-contracted Bianchi identities, Ein-
stein constructed his Gµν tensor in Eq. (4) as diver-
gence free, thus allowing four continuity equations that
express conservation of energy and momentum for stress-
energy tensor components. Further contraction of those
continuity equation with the fluid four-velocity yields
Uµ(T
µν);ν = 0. In FLRW geometry we thus obtain for
cosmology an equation reminiscent of the first law of ther-
modynamics for a perfect fluid, having no viscosity nor
heat conduction:2,15
d
dt
(ρR3) + p
d
dt
(R3) = 0. (14)
In Eq. (14) we may regard the energy density, ρ, pres-
sure, p, and ‘cosmic time,’ t, as scalars originally defined
locally in a freely-falling momentarily-comoving frame of
the FLRW geometry. Since they belong to a scalar tensor
equation, those three scalars and Eq. (14) remain invari-
ant in value and form through any local transformation
between inertial frames and corresponding coordinates.
Let us establish whether ‘fluid elements’ are ‘comoving’
or ‘at rest’ in FLRW geometry. The freely falling comov-
ing frame of the FLRW geometry and coordinates derives
from the dynamics of the average distribution of matter
in the universe. Upon the asymptotically exponential ex-
pansion of R(t) in the FLRW geometry, matter density
stretches and ‘thins’ proportionally to R−3. Galaxies re-
cede from one another and they will eventually fade away
at the EH, aΛ, with perhaps some exceptions for bound
local groups. By contrast, dark energy density remains
constant and unaffected by the R(t) expansion in the
FLRW geometry, hence ‘at rest’ therein.
Dark energy density also remains uniform relative to
the fixed aΛ horizon of dS4 static coordinates, hence ‘at
rest’ therein. That indicates that a negative pressure or
tension is needed to keep dark energy constant within
the fixed aΛ horizon in either FLRW geometry or dS4
static coordinates. Therefore, while on average matter
is comoving with the R(t) expansion in FLRW geome-
try, dark energy density is an invariant and fundamental
cosmological constant in Eq. (7) in both FLRW geometry
and dS4 represented with static coordinates.
Evidently, there is a qualitative difference between per-
fect fluids that involve energy density of matter, ρ, and
whatever special perfect fluid we can associate with dark
energy density, ρΛ. Indeed, for the former we assume
that Eq. (14) is satisfied non-relativistically by having
p << ρ = AR−3, whereas for the latter we must postu-
late an entirely different equation of state, which solves
exactly Eq. (14) via the cosmological constant, Λ, in
Eq. (7).
IV. DARK ENERGY AS A BEC OF
COSMOLOGICALLY MASSIVE PHOTONS
I propose to approach the dark energy-pressure conun-
drum as follows. In a previous paper,1 I conjectured that
cosmologically massive gauge bosons such as photons or
gluons may each form a Bose-Einstein condensate (BEC)
at rest in FLRW geometry. According to Eq. (2) and
Eq. (7), that BEC has a number density
ng =
ρΛ
mgc2
=
c3
√
Λ/Cg
8πhG
=
√
Λ/Cg
8πl2P
≃ 2.6x1041m−3/Cg,
(15)
where lP =
√
hG
c3 ≃ 4x10−35m denotes Planck length.
For photons in the ordinary ‘vapor’ phase, Einstein’s
Eq. (4) includes a T µν 6= 0 stress-energy tensor, yielding
ρ = BR−4 and p = (1/3)ρ in Eq. (14). At the current
‘cosmic time,’ radiation already amounts only to a small
Ωr,0 ≃ 5x10−5 density parameter.3
However, I assume that mg-photons in the BEC phase
have T µν = 0 and T µνΛ = pΛg
µν , as prescribed in Eq. (6)
with Λ > 0. Furthermore, I need to consider a Euclidean
spatial geometry, which applies to FLRW geometry in a
flat universe with κ = 0 in Eq. (3). That is required
in inflation theories to addresses the so called flatness
problem.3 These assumptions are consistent with a so
called de Sitter universe.
4On the other hand, these assumptions are not entirely
consistent with a static metric, such as that of Eq. (10),
which amounts to κ = +1. Despite its great value in be-
ing both ‘static’ and manifesting explicitly the existence
of a fixed event horizon, aΛ, I should strictly forsake the
static metric in favor of dS4 flat slicing in my model.
Nevertheless, I may still refer intuitively to some desir-
able properties from either flat or static slicings of dS4
in the asymptotic limit of ‘cosmic time,’ where Eq. (8)
must ultimately prevail.
Under such ideal conditions, let me thus assume that
each particle, virtually at rest in the BEC, is subject to
a non-relativistic attractive spherical-well potential,
V (r < aΛ) = 0,
V (r > aΛ) = V0c > 0.
(16)
In Eq. (16) I then assume that V0c provides the mini-
mal critical depth that binds just one particle state with
L = 0 at the top of the cosmologically constant Euclidean
well. By solving Schro¨dinger equation with mg given in
Eq. (2) I immediately obtain that
V0c =
~
2
2mg
(
π
2aΛ
)2
=
1
96C2g
mgc
2. (17)
Since there are no ‘walls’ at aΛ, that horizon must raise
steeply a square-well barrier therein, generating a corre-
sponding gradient, hence, an inward force times a dr-
displacement on each particle at the horizon, amounting
to V0c. I may then combine ng in Eq. (15) with Eq. (17)
to conclude, by definition of pressure, that
− pΛ = ngV0c = 1
96C2g
ρΛ → ρΛ. (18)
In the last step of Eq. (18) I recalled that the invariant
continuity equation Uµ(T
µν
Λ );ν = 0, which allowed the
introduction of the cosmological term in Einstein’s field
Eq. (4) in the first place, demands that Eq. (7) holds
as an exact equation of state for a perfect fluid of dark
energy. Thus I require that
Cg = 1/
√
96 ≃ 0.1. (19)
This elementary physical picture of dark energy thus
provides definitive estimates regarding Eq. (1), Eq. (2)
and Eq. (15). In particular, I estimate that photons have
a rest-energy mass
mgc
2 = Cghc
√
Λ ≃ 1.3x10−33eV. (20)
Following Eq. (15), I estimate that the average distance
between photons in their BEC is
dg ≃ n−1/3g ≃ C1/3g x1.6x10−14m = 7.5fm. (21)
I may further estimate the gravitational pair-
potential attraction between photons in the BEC,
i.e., V12 ≃ Gm2g/(2dg). Its ratio to V0c equals
(64π)−1/3(lP
√
CgΛ)
4/3 ≃ 10−82, which is utterly neg-
ligible. This demonstrates that the BEC of photons
is fundamentally held together by an effectively attrac-
tive bosonic inter-particle correlation, whereas any fur-
ther gravitational attractions among photons in the BEC
hardly contributes to Eq. (18), consistently with its QM
non-gravitational derivation in Eq. (17).
It may appear that Eq. (18) contains some degree of
circularity, but that is not so. The V0c factor in Eq. (17)
derives in the first place from the fundamentally non-
relativistic version of the uncertainty principle of Heisen-
berg et al. Initially, V0c contains mg in the denomi-
nator. However, that mg derives from a fundamentally
relativistic version of the uncertainty principle, Eq. (1).
Ultimately, that combination introduces c in Eq. (17)
and places mg in its numerator. Thus, Eq. (17) re-
quires bridging of vastly different non-relativistic and rel-
ativistic quantum uncertainties and of their correspond-
ing microscopic (h) and cosmological (Λ) scales. The
other factor, ng, that enters in Eq. (18) ultimately sim-
plifies two mg factors away, yielding a proportionality
with ρΛ. Thus, fixing the proportionality constant, i.e.,
Cg in Eq. (19), may be simplistic as an estimate, but it
is neither trivial nor circular.
V. DARK ENERGY PRESSURE AND
GRAVITATIONAL COLLAPSE
Although not apparently consistent with my previous
formulation of the dark energy-pressure relation, nor with
itself for that matter, it is instructive to consider an alter-
native perspective of dark energy condensation in terms
of impending gravitational collapse.
Thus consider a spherically symmetric and uniform
matter density, ρΛ/c
2, extending indefinitely in a spatial
Euclidean geometry. Consider the radial function
f(R′) = 2
G
c4
ρΛ
4π
3
R′3 −R′. (22)
Gravitational collapse is presumed to occur when the
radius, R′, of ρΛ reaches a Schwarzschild radius, R
′
S ,
such that f(R′S) = 0. This type of basic argument is of-
ten used to estimate gravitational collapse of black holes,
galaxies and other astronomical objects.4
For dark energy, as given in Eq. (7), one immediately
obtains that
f(R′S) = 0 =⇒ R′S = aΛ. (23)
This is a remarkably interesting result, independent of
any further theory or supposition. It may be related to
the fact that the aΛ horizon appears explicitly in the
static metric of dS4 and that static metric is formally
similar to the Schwarzschild metric, as shown in Eq. (11).
5Given that the energy of the distribution is
E = ρΛ
4π
3
R′3, (24)
the collapsing force, −dE/dR′, yields a negative pressure
or tension, pΛ = −ρΛ, correctly.
Then it is easy to calculate the Newtonian gravita-
tional force (not tidal) for a test particle of mass mg at
the R′S = aΛ collapsing surface of ρΛ. The corresponding
potential energy turns out to be
Vg = − G
R′S
(
ρΛ
c2
4π
3
R′
3
S
)
mg = −1
2
mgc
2 = −1
2
V0c. (25)
It is rather remarkable that an elementary gravita-
tional collapse treatment of dark energy condensation,
combined with a classical Newtonian treatment of bind-
ing of a corresponding mg particle at the R
′
S = aΛ hori-
zon, turn out to coincide, but for a 1/2 factor, with an el-
ementary non-relativistic QM formulation ofmg binding.
This can hardly be coincidental. Rather, it suggests that
relativistic QM, Eq. (1), non-relativistic QM, Eq. (17),
and GR, Eq. (25), all provide consistent accounts of con-
densation of dark energy and pressure, ranging from nu-
clear to cosmological scales, in a corresponding infrared
limit of horizon confinement.
There are well-known theories of gravitational vacuum
and dark energy stars.16–18 Advanced formulations of
quantum phase transitions to BE condensation of dark
energy at a cosmological scale of gravitational impend-
ing collapse may be much further developed with such
expertise.
VI. COSMIC MICROWAVE BACKGROUND
An elementary physical picture of dark energy has
thus emerged, namely that of a BEC of self-attracting
and ubiquitous mg photons essentially at rest in the flat
FLRW geometry of the corresponding de Sitter universe.
We are thus required to investigate statistical properties
of equilibrium between that BEC phase and the ordinary
‘vapor’ phase of those photons. Comparisons with the
Planck spectrum of the cosmic microwave background
(CMB), extensively measured with extraordinary preci-
sion, must then be drawn.
BE condensation is best formulated within the grand-
canonical framework of equilibrium statistical mechan-
ics, although it was not originally discovered that way.
Beginning with the second law of equilibrium thermo-
dynamics in the entropy or S-representation, Callen19
denotes two Legendre transformations to S[1/T, µ/T ] in-
volving pairs of conjugate extensive-intensive variables,
E → 1/T and N → µ/T , in a single-species system
with N particles or moles. I may later denote with
µi, i = c, v the chemical potentials for two different
‘condensed’ and ‘vapor’ phases of that single species
in a two-phase equilibrium. Following Boltzmann’s ap-
proach, the fundamental relation for S[1/T, µ/T ] is as-
sociated to the logarithm of a grand-canonical partition
function, Z(1/T, µ/T, V ), of corresponding independent
variables.20 While the total volume, V , remains fixed
and unaffected by Legendre transformation, the other
two extensive variables in the original S-representation
now fluctuate around average values, < E > and < N >,
determined by two corresponding equations of state. In
a two-phase equilibrium, the two independent intensive
variables, 1/T and µ/T , must each equalize throughout
the two phases. For an ideal Bose gas, formation of a
BEC phase further requires that the fugacity, defined as
z = eµ/kBT , approaches its maximal value, z = 1, corre-
sponding to µ = 0 throughout both phases.
In standard BE condensation of an ideal Bose gas, the
density of particles in the BEC phase, nc = Nc/V , be-
comes undetermined, while the density of particles in the
‘vapor’ phase remains a well-defined function of tempera-
ture exclusively, nv(T ), since z = 1 no longer provides an
independent variable in the two-phase equilibrium. The
energy density, Uc/V , and the energy per particle, Uc/Nc,
both vanish in the BEC phase. The entropy per particle,
Sc/Nc, also vanishes in the BEC phase, and so does the
volume per particle, Vc/Nc. These results still coexist,
however, and in fact remain consistent with those that
apply to corresponding variables, all originally extensive,
in the ‘vapor’ phase.20
More problematic may be the issue of pressure, an in-
herently intensive variable, which vanishes in the BEC
phase in the thermodynamic limit. That fails to match
the ‘vapor pressure,’ pv(T ), that characterizes the ordi-
nary phase. However, this discrepancy is mitigated by
the fact that the conjugate variable, i.e., the volume Vc
of the BEC phase, also vanishes, rendering effectively
moot the question of non-equilibrated pressure in the
BEC phase. These peculiarities originate from singulari-
ties in dealing with the mathematical limit of z → 1 vs.
setting z = 1.
In the BEC phase that I propose, to which I shall re-
fer from now on as g-BEC, variables corresponding to
those of an ideal Bose gas behave differently. In the first
place, ng remains a specified universal constant, as given
in Eq. (15). Correspondingly, ρΛ also remains a universal
constant, as given in Eq. (7) and subsequently derived as
a ‘zero-point energy’ for Eq. (16). Entropy vanishes in
the g-BEC, since dark energy is presumed to arise from a
perfect fluid in Eq. (5) and Eq. (14). More troubling may
be the fact that the pΛ pressure in the g-BEC must be
negative, as given in Eq. (7). That can never equilibrate
intensively with a positive pressure that is expected for
photons in any ordinary ‘vapor phase.’
Careful consideration of all these facts does not reveal,
however, any fundamental contradiction. The g-BEC is
profoundly different in some respects from the standard
BEC of an ideal Bose gas. The latter is basically non-
relativistic and confined by an external volume. The for-
mer has none of that and it is both self-confining rel-
6ativistically through Compton cosmological uncertainty,
Eq. (1), and self-trapping non-relativistically within the
de Sitter horizon, Eq. (17). Furthermore, photons in the
ordinary ‘vapor phase’ do not need to condense directly
into the g-BEC. Rather, they may maintain that equi-
librium via interactions with charged particles, such as
absorption, emission or scattering by electrons and pro-
tons.
It is possible to investigate such processes by extend-
ing quantum electrodynamics (QED) to include a mas-
sive photon propagator.21 Such calculations are quite in-
volved, however, even to low perturbative orders. I will
not enter into any of these matters at this time, except
for noting again a curious ‘coincidence.’ The low-energy
elastic scattering of photons by free electrons results in
Thomson cross section, proportional to the square of the
classical radius of the electron, r0 = e
2/mec
2 ≃ 2.818fm.
In value, that is remarkably close to the average distance
between photons in the g-BEC, which is given in Eq. (21)
as dg ≃ 7.5fm. For all we know, the electron charge, e,
that enters r0 is unrelated to the fundamental constants
h, c,G,Λ that enter dg, and yet r0 ∼ dg. Somehow the
fm-scale seems to be the microscopic length of conver-
gence not only of classical and quantum electromagnetic
and nuclear interactions, but also of g-BEC interactions
derived from a cosmological horizon.1
Let me then address more basic questions of compat-
ibility between g-BEC equilibrium and well established
CMB results and measurements for ‘ordinary’ photons.
The average momentum of mg-photons is < p¯ >g= 0,
although its variance is < p2 >g= 2(mgc)
2. Consistently
with Eq. (16) and Eq. (17), we may assume a dispersion
relation
ǫ =
√
(mgc2)2 + c2p2 −mgc2, (26)
between kinetic energy, ǫ, and momentum magnitude,
p =< |p¯| >. Thus ǫ excludes the ‘zero-point energy,’
V0c = mgc
2, and varies in the range (0,+∞).
After bringing mgc
2 to the left-hand side of Eq. (26)
and squaring the result, the ratio between dp and dǫ can
be obtained in terms of ǫ. From that the exact expression
for the density of states,
g(ǫ)dǫ =gS(V/h
3)4πp2(dp/dǫ)dǫ
=gS
V
(hc)3
4π
√
ǫ
√
ǫ+ 2mgc2(ǫ+mgc
2)dǫ, (27)
can be easily derived. The spin degeneracy for mg-
photons must be gS = 3, while it is gS = 2 for massless
transverse photons.
The average kinetic energy of mg-photons in the ‘va-
por’ phase can thus be obtained as
U =< E >=
∫
∞
0
ǫg(ǫ)dǫ
eβǫ − 1 . (28)
Approximate integration in a small initial (0,mgc
2) in-
terval contributes negligibly to Eq. (28). Thus an expan-
sion for mgc
2 << ǫ can be assumed to hold for the entire
integral. The resulting correction to U as provided by
Planck’s law for massless photons then is
∆U
U
≃ 0.74
(
mgc
2
kBT
)
, (29)
where 2ζ(3)3ζ(4) ≃ 0.74 has been used. Notice that the ra-
tio in Eq. (29) is independent of whatever value may be
assumed for gS .
The current temperature of the CMB is T0 ≃ 2.725K,
corresponding to kBT0 ≃ 2.35x10−4eV . Comparison of
that kBT0 value with the mgc
2 value obtained in Eq. (20)
yields a relative correction to Planck’s law for the cur-
rent CMB of ∆UU ≃ 4.1x10−30, which is utterly negligi-
ble. At the recombination epoch of the optical horizon,
Trec ≃ 3000K further reduced ∆UU by another factor of
T0/Trec ≃ 9x10−4, thus yielding ∆UU ≃ 3.7x10−33. So,
there can hardly be any discrepancy between any cur-
rent measurement relating to the CMB and such a tiny
attribution of mgc
2 ≃ 1.3x10−33eV to the photon rest
energy mass.
Conceptually, however, a spin degeneracy factor of
gS = 2 must be attributed to transverse massless pho-
tons that yield with such a precision Planck’s law for the
CMB. Massive photons, however, must have gS = 3, no
matter how light they may be cosmologically. This ap-
parent discrepancy must be associated with a mathemat-
ical singularity in dealing with amg → 0 limit vs. setting
mg ≡ 0 from the beginning. This problem in fact recurs
in quantum field theories.21 For the moment, I propose to
regard the ‘vapor phase’ as essentially or overwhelmingly
composed of transverse massless photons, having gS = 2.
By contrast, the g-BEC phase, having no wavevector di-
rection, or p =< |p¯| >g= 0, makes no distinction between
transverse and longitudinal photons, corresponding to a
‘vacuum ground state’ to which gS = 3 applies.
VII. CONCLUSIONS
In conclusion, I have developed an elementary physical
picture of dark energy and pressure based on most fun-
damental principles of quantum mechanics and general
relativity theories. That derives from a previous conjec-
ture of non-zero nearly standard-model photon or gluon
bare masses based on quantum-mechanical localization
at a cosmological scale.1
Dark energy is intrinsically tied to de Sitter space, dS4,
and that has in turn a fundamentally invariant event hori-
zon, aΛ. I discussed how these matters are essential to
my conjecture and model of dark energy and pressure. In
agreement with proposed solutions of the ‘flatness prob-
lem,’ I have assumed a de Sitter universe with a Eu-
clidean spatial geometry. That corresponds to a flat slic-
ing (κ = 0) of dS4 in FLRW geometry. I have compared
that with de Sitter static metric, which has closed spa-
tial sections, corresponding to κ = +1 in FLRW geome-
try. Though not entirely consistent with one another, I
7have referred to properties of both flat and static slicings
of dS4, presumably valid in the asymptotic limit of the
universe scale factor expansion, R(t), for ‘cosmic time’
t >> aΛ/c.
By solving Schro¨dinger equation for an elementary
non-relativistic attractive spherical-well potential rising
at the de Sitter horizon, I found the minimal critical po-
tential depth, V0c, that binds just one particle state at
the top of that cosmologically constant Euclidean well.
By comparison with a fundamentally relativistic version
of the uncertainty principle that determines the photon
cosmologically minimal mass, mg, I obtained a definitive
estimate of the dark energy-pressure relation, Eq. (18),
which is a central result of this paper.
Then I estimated the gravitational pair-potential at-
traction between mg photons, V12, and I found that its
ratio to V0c is utterly negligible.
Alternatively, I considered gravitational collapse for
a uniform dark energy density, ρΛ, in an impending
Schwarzschild geometry. Remarkably, that occurs at a
Schwarzschild radius that equals aΛ. The Newtonian
gravitational force for a test particle of mass mg at that
horizon turns out to coincide, but for a 1/2 factor, with
the elementary non-relativistic QM formulation of mg
binding. That is also a remarkable result, which can
hardly be coincidental.
An elementary physical picture of dark energy has thus
emerged, as that of a BE condensate of self-attracting
and ubiquitous mg photons essentially at rest in the flat
FLRW geometry of the corresponding de Sitter universe.
Thus I have investigated statistical properties of equilib-
rium between that g-BEC phase and the ordinary ‘vapor’
phase of those photons. I made comparisons with the
Planck spectrum of the cosmic microwave background
(CMB) and found that corrections introduced by the
photon mass, mg, are utterly negligible at the present
time, let alone at that of recombination at the optical
horizon. Conceptually, however, a spin degeneracy factor
of gS = 2 applies to transverse massless photons, whereas
gS = 3 applies to massive photons, no matter how light.
I discussed how this apparent discrepancy may be re-
solved. I proposed to regard the ‘vapor phase’ as essen-
tially composed of transverse massless photons, whereas
in the g-BEC ground state, where the wavevector van-
ishes, both transverse and longitudinal mg photons may
equally occur.
Although at entirely different physical scales and lev-
els of sophistication, there are common elements between
my elementary cosmological picture of dark energy and
theories of gravastars and dark energy stars.16–18 Their
advanced formulations of quantum phase transitions to
BE condensation of dark energy may advance my pic-
ture as well. There are also common elements between
my elementary model and theories of scalar field or fuzzy
dark matter.1,22–25 That level of techniques may also
transform my preliminary formulation into a quantita-
tive physical theory of dark energy and pressure.
∗ Electronic address: resca@cua.edu;
URL: http://physics.cua.edu/people/faculty/homepage.cfm
1 Resca, L. G., Minimal cosmological masses for
nearly standard-model photons or gluons, Gen-
eral Relativity and Gravitation, 52:14 1-9,
2020; https://doi.org/10.1007/s10714-020-2663-6 ;
https://arxiv.org/abs/1904.00354 .
2 Schutz, B. F., A First Course in General Relativity, 2nd
Ed., Cambridge University Press, 2009.
3 Hobson, M. P., Efstathiou, G. P., Lasenby, A. N., Gen-
eral Relativity: An Introduction for Physicists, Cambridge
University Press, 2006.
4 Rindler, W., Essential Relativity: Special, General, and
Cosmological, Revised 2nd Ed., Springer-Verlag, 1979.
5 Narlikar, J. V., Lectures on General Relativity and Cos-
mology, Macmillan, New York, 1979.
6 Schutz, B. F., Geometrical Methods of Mathematical
Physics, Cambridge University Press, 1980.
7 Moschella, U., The de Sitter and anti-de Sitter sightseeing
tour, Se´minaire Poincare´ 1, 1-12, 2005.
8 Ibison, M., Static forms of the Robertson-Walker space-
times, 24 April 2007; https://arxiv.org/abs/0704.3265 .
9 Ibison, M., On the conformal forms of the
Robertson-Walker metric, J. Math. Phys. 48:122501,
1-24, 2007. https://doi.org/10.1063/1.2815811;
https://arxiv.org/abs/0704.2788 .
10 Price, R. H., Spatial curvature, spacetime curvature, and
gravity, Am. J. Phys. 84(8), 588-592, August 2016;
https://doi.org/10.1119/1.4955154 .
11 Price, R. H., Properties of spatial wormholes and other
splittable spacetimes, Phys. Rev. D 93, 064060, March
2016; https://doi.org/10.1103/PhysRevD.93.064060 .
12 Resca, L., Space-time and spatial geodesic orbits in
Schwarzschild geometry, Eur. J. Phys. 39(3), 035602
(14pp), 2018. https://doi.org/10.1088/1361-6404/aab12f;
https://arxiv.org/abs/1803.08346v2 .
13 Eufrasio, R. T., Mecholsky, N. A., Resca, L., Curved
space, curved time, and curved space-time in Schwarzschild
geodetic geometry, General Relativity and Gravitation,
50:159, November 2018; https://doi.org/10.1007/s10714-
018-2481-2; https://arxiv.org/abs/1812.03259v1 .
14 Resca L. G., Mecholsky, N. A., Geodesy on surfaces of
revolution: A wormhole application, Am. J. Phys. 88(4),
308, March 2020; https://doi.org/10.1119/10.0000464.
15 Hartle, J. B., Gravity: An Introduction to Einstein’s Gen-
eral Relativity, Pearson, 2003.
16 Mazur, P. O., Mottola, E., Gravitational conden-
sate stars: An alternative to black holes, 2002;
https://arxiv.org/abs/gr-qc/0109035v5 .
17 Chapline, G., Dark energy stars, Proceedings of the 22nd
Texas Symposium on Relativistic Astrophysics at Stan-
ford, California, December 13-17, 2004. Edited by Pisin
Chen, Elliott Bloom, Greg Madejski and Vahe Patrosian,
p. 101-104. https://arxiv.org/abs/astro-ph/0503200v2 .
18 Chapline, G., Hohlfeld, E., Laughlin, R. B., Santiago, D. I.,
Quantum phase transitions and the failure of classical gen-
8eral relativity, Int. J. Mod. Phys. A18, 3587-3590, 2003;
https://arxiv.org/abs/gr-qc/0012094v1 .
19 Callen, H. B., Thermodynamics and an Introduction to
Thermostatistics, 2nd Ed., John Wiley & Sons, Inc., New
York, 1985.
20 Pathria, R. K., Beale, P. D., Statistical Mechanics, 3rd
Ed., Academic Press, Elsevier, Amsterdam, 2011.
21 Mandl, F., Shaw, G., Quantum Field Theory, 2nd Ed.,
Wiley, NY, 2010.
22 Hui, L., Ostriker, J. P., Tremaine, S., Wit-
ten, E., Ultralight scalars as cosmological dark
matter, Phys. Rev. D 95, 043541, 2017; DOI:
https://doi.org/10.1103/PhysRevD.95.043541;
https://arxiv.org/abs/1610.08297v2 .
23 Lee, J. W, Brief history of ultra-light scalar dark matter
models, EPJ Web of Conferences 168, 06005, 2018;
DOI: https://doi.org/10.1051/epjconf/201816806005;
https://arxiv.org/abs/1704.05057v2 .
24 Hu, W., Barkana, R., Gruzinov, A., Fuzzy cold
dark matter: The wave properties of ultra-
light particles, Phys. Rev. Lett. 85, 1158, 2000;
DOI: https://doi.org/10.1103/PhysRevLett.85.1158;
https://arxiv.org/abs/astro-ph/0003365 .
25 Li, B., Rindler-Daller, T., Shapiro, P. R., Cosmo-
logical constraints on Bose-Einstein-condensed scalar
field dark matter, Phys. Rev. D 89, 083536, 2014;
DOI: https://doi.org/10.1103/PhysRevD.89.083536;
https://arxiv.org/abs/1310.6061v2 .
